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Abstract
This paper investigates the degrees of freedom (DoF) of the L-cluster, K-user MIMO multi-way
relay channel, where users in each cluster wish to exchange messages within the cluster, and they can
only communicate through the relay. A novel DoF upper bound is derived by providing users with
carefully designed genie information. Achievable DoF is identified using signal space alignment and
multiple-access transmission. For the two-cluster MIMO multi-way relay channel with two users in
each cluster, DoF is established for the general case when users and the relay have arbitrary number
of antennas, and it is shown that the DoF upper bound can be achieved using signal space alignment
or multiple-access transmission, or a combination of both. The result is then generalized to the three
user case. For the L-cluster K-user MIMO multi-way relay channel in the symmetric setting, conditions
under which the DoF upper bound can be achieved are established. In addition to being shown to be
tight in a variety of scenarios of interests of the multi-way relay channel, the newly derived upperbound
also establishes the optimality of several previously established achievable DoF results for multiuser
relay channels that are special cases of the multi-way relay channel.
This work was supported in part by NSF grants 0964364 and 0964362, and is presented in part at ICCC 2012, ICC 2013 and
ISIT 2013.
1I. INTRODUCTION
The multi-way relay channel [1] is a fundamental building block for relay networks with
multicast transmission, and can model several interesting communication scenarios. In cellular
networks, a set of mobile users can form a social network by forming clusters and exchange
information by communicating via the base station, which serves as the relay in the multi-way
relay channel. In ad hoc networks, wireless nodes can be geographically separated, yet they can
communicate to a central controller to share information in groups. This model is also relevant
to satellite communications, where the satellite serves as the relay and the users have multicast
information that needs to be shared with the help of the satellite [1].
The simplest special case of the multi-way relay channel is the two-way relay channel, which
consists of two users that wish to exchange information with the help of a relay. The capacity
of the two-way relay channel has been studied extensively, see for example [2]–[6] and the
references therein. Even for this simplest set up, only constant gap capacity results is known
[4], achieved by physical layer network coding, or functional decode-and-forward (FDF).
In its general form, the multi-way relay channel, contains an arbitrary number of clusters
containing arbitrary number of users that want to exchange information. The relay needs to
handle interference that results from simultaneous transmissions of different clusters, and the
users need to recover the intended messages in the presence of interfering signals containing
messages for other users. One might expect the strategies designed for the two-way relay channel
to be helpful, but more sophisticated strategies are needed to handle the co-existence of messages
intended for different users.
The exact capacity characterization for the multi-way relay channel has been considered in
references [1], [7]–[11]. Specifically, reference [1] has proposed the general multi-way relay
channel model, and characterized the upperbounds on the capacity region and established achiev-
able rates based on decode-and-forward (DF), compress-and-forward (CF), amplify-and-forward
(AF), and using nested lattice codes. Reference [7] has considered the special case when there
is one cluster of users, and each user wishes to exchange information with the rest of the
users. The capacity region is characterized for a finite field channel. It is shown that, for this
2case, functional-decode-forward (FDF) combined with rate splitting and joint source-channel
coding achieves capacity. For the Gaussian multi-way relay channel with one cluster, capacity
result is obtained for some special cases when the channel is symmetric using FDF [8]. For the
asymmetric multi-way relay channel with a single cluster, also known as the Y channel, references
[9], [10] have obtained a constant gap capacity result for all channel coefficient values for the
three-user case. Reference [11] has studied the multi-way relay channel with two clusters and
each cluster has two users with a single antenna, and established a constant gap capacity result
using a combination of lattice codes and Gaussian codes. For the multi-cluster set up with two
users in each cluster, i.e., the multi-pair two-way relay channel, reference [12] has studied the
detection and interference management strategies, and reference [6] has studied power allocation
with orthogonal channels. For the general multi-way relay channel, the exact capacity remains
unknown due to the complexity of channel, in turn making it difficult to obtain design insights
for the general setting. The DoF characterization, which studies how reliable communication rate
scale with power, on the other hand, can provide us insights about the optimal signal interaction
in time/frequency/space dimensions, and can be useful to design transmission schemes to achieve
higher rates.
The DoF of a wireless system characterizes its high signal-to-noise ratio (SNR) performance.
Interference alignment [13] has been shown to achieve the optimal DoF for various wireless
multi-terminal network models [13]–[16]. The essence of interference alignment lies in keeping
the interference signals in the smallest number of time/frequency/space dimensions, and enabling
the maximum number of independent data streams to be transmitted. A similar concept, signal
space alignment, which is a special form of FDF, is proposed in reference [17] for the Y channel.
In this reference, the authors have shown that, by aligning the signals from the users that want
to exchange information at the same dimension, network coding can be utilized to maximize
the utilization of the spatial dimension available at the relay to achieve the optimal DoF. In
essence, the goal of signal space alignment is to align the useful signals together to maximize
the utilization of signal dimension, whereas the goal of interference alignment is to align the
harmful signals together to minimize the effect of interference. In reference [18], the signal space
3alignment idea is extended to the K-user Y channel, which has K users in a single cluster that
want to exchange information, and the achievable DoF is established. For the MIMO multi-pair
two-way relay channel, reference [19] has studied the requirement for the number of antennas at
the users to allow them exchange information with the help of the relay without interfering each
other in the symmetric setting. The DoF of this channel is further studied in reference [20]. Signal
space alignment is further utilized in reference [21], which has considered a different variation
of the MIMO multi-way relay channel where a base station wants to exchange information with
K users with the help of a relay. The DoF of this model is established under some specific
relations between the number of antennas at the relay and at the users.
For the DoF characterization of MIMO multi-way relay channels, the known DoF upperbound
obtained to date is a cut-set bound, which can provide a tight upperbound for the two-way relay
channel, three-user Y channel and two-cluster multiway relay channel with two users in each
cluster, but can be arbitrarily loose for other instances of the model.
In this work, we derive a new DoF upper bound for the L-cluster K-user MIMO multi-
way relay channel using a genie-aided approach, such that the user with enhanced signal and
a carefully designed set of genie information can decode a subset of messages from the other
users. We show that the DoF for the MIMO multi-way relay channel is always upper bounded
by 2N with N being the number of antennas at the relay. This DoF upper bound, combined
with the cut-set bound, provides us a comprehensive set of DoF upper bounds for the general
MIMO multi-way relay channel. This allows us to show that the DoF upperbound is tight for
some achievable DoF results in previous works corresponding to special cases of the multi-way
relay channel.
Next, we investigate the achievable DoF for several scenarios of the MIMO multi-way relay
channel. We utilize signal space alignment, where the users utilize the signal space of the relay
in common, and the relay can decode a function of the transmitted signals from a pair of users
and multiple-access transmission, where the users do not share the signal space of the relay, and
the relay simply decodes the transmitted signals as in the multiple access channel to establish
the achievability results.
4For clarity, we first consider the case with two clusters and each cluster has two users, and
the users and the relay can have arbitrary number of antennas. We show that for some cases,
signal space alignment achieves the optimal DoF. For the remainder of the cases, the DoF upper
bound can be achieved using multiple-access transmission or a combination of multiple-access
transmission and signal space alignment. The DoF results imply that letting users utilize the relay
in common is not always optimal. Additionally, for some cases using only a subset of antennas
at the relay can achieve higher DoF. We next generalize the results to the case with two clusters
and each cluster has three users, and obtain the optimal DoF for several scenarios of interests.
We then consider the L-cluster K-user MIMO multi-way relay channel in the symmetric setting,
where all users have the same number of antennas. Conditions between the number of antennas
at the relay and the users are established when the DoF upper bound can be achieved. The DoF
result implies that the DoF for the MIMO multi-way relay channel is always limited by the
spatial dimension available at the relay, and increasing the number of users and clusters cannot
achieve DoF gain when the number of antennas at the relay is limited. Furthermore, since using
signal space alignment to share the signal space of the relay between two users can provide 1 bit
for 2 bits gain, the DoF upper bound 2N provides the insight that we cannot obtain any further
DoF gain by letting three or more users to share the same spatial dimension of the relay.
The remainder of the paper is organized as follows. Section II describes the channel model.
Section III derives the new DoF upper bound for the general MIMO multi-way relay channel.
Section IV investigates the DoF for the two-cluster MIMO multi-way relay channel. Section V
investigates the DoF for the general MIMO multi-way relay channel. Section VI concludes the
paper.
II. CHANNEL MODEL
The L-cluster K-user MIMO multi-way relay channel is shown in Fig. 1. User k (k =
1, 2, · · · , K) in cluster l (l = 1, 2, · · · , L) is assumed to have M lk antennas, and the relay is
assumed to have N antennas. Without loss of generality, we assume that M l1 ≥ M l2 ≥ · · · ≥M lK .
In cluster l, user k has a message W lik (i = 1, 2, · · · , K, i 6= k), for all the other users in
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Fig. 1. K-user L-cluster MIMO multi-way relay channel.
cluster l. We denote W lk as the message set originated from user k in cluster l for all the other
users in the same cluster, i.e.,
W lk = {W
l
1k,W
l
2k, · · · ,W
l
k−1,k,W
l
k+1,k, · · · ,W
l
Kk}. (1)
It is assumed that the users can communicate only through the relay and no direct links exist
between any pairs of users [1]. All the nodes in the network are assumed to be full duplex. The
transmitted signal from user k in cluster l for channel use t is denoted as Xk,l(t) ∈ CM
l
k
. The
received signal at the relay for channel use t is denoted as YR(t) ∈ CN . The received signal
at user k in cluster l for channel use t is defined as Yk,l(t) ∈ CM
l
k
. The channel matrix from
user k in cluster l to the relay is denoted as HR(k,l)(t) ∈ CN×M
l
k
. The channel matrix from the
relay to user k in cluster l is denoted as H(k,l)R(t) ∈ CM
l
k
×N
. It is assumed that the entries of
the channel matrices are drawn independently from a continuous distribution, which guarantees
that the channel matrices are full rank almost surely.
6The encoding function at user k in cluster l is defined as
Xk,l(t) = fk,l(W
l
k,Y
t−1
k,l ), (2)
where Yt−1k,l = [Yk,l(1), · · · ,Yk,l(t− 1)].
The received signal at the relay is
YR(t) =
L∑
l=1
K∑
k=1
HR(k,l)(t)Xk,l(t) + ZR(t). (3)
For channel use t, the transmitted signal XR(t) ∈ CN from the relay is a function of its
received signals from channel use 1 to t− 1, i.e.,
XR(t) = fR(Y
t−1
R ). (4)
The received signal at user k in cluster l for channel use t is
Yk,l(t) = H(k,l)R(t)XR(t) + Zk,l(t). (5)
In the above expressions, Zk,l(t) ∈ CM
l
k ,ZR(t) ∈ C
N are additive white Gaussian noise
vectors with zero mean and independent components. The transmitted signals from the users
and the relay satisfy the following power constraints:
E
[
tr
(
Xk,l(t)Xk,l(t)
†
)]
≤ P, (6)
E
[
tr
(
XR(t)XR(t)
†
)]
≤ P. (7)
Based on the received signals and the message set W lk, user k in cluster l needs to decode all
the messages intended for it, which is denoted as
Wˆ lk = {Wˆ
l
k,1, Wˆ
l
k,2, · · · , Wˆ
l
k,k−1, Wˆ
l
k,k+1, · · · , Wˆ
l
k,K}. (8)
We also have
Wˆ lk = gk,l(Y
n
k,l,W
l
k) (9)
7where gk,l is the decoding function for user k in cluster l.
We assume the rate of message W lik is Rlik(P ) under power constraint P . A rate tuple {Rlik(P )}
with l = 1, · · · , L, k = 1, · · · , K and i = 1, · · · , K, i 6= k is achievable if the error probability
P ne = Pr
(⋃
l,k,i
Wˆ li,k 6= W
l
i,k
)
→ 0 (10)
as n→∞.
We define C(P ) as the set of all achievable rate tuples
{
Rlik(P )
}
, under power constraint P .
The degrees of freedom is defined as
DoF = lim
P→∞
R∑(P )
log(P )
, (11)
where
R∑(P ) = sup
{Rlik(P )}∈C(P )
L∑
l=1
K∑
k=1
K∑
i=1
i 6=k
Rlik(P ) (12)
is the sum capacity under power constraint P .
III. DOF UPPERBOUND FOR GENERAL MIMO MULTI-WAY RELAY CHANNEL
Theorem 1: For the general L-cluster K-user MIMO multi-way relay channel, the DoF up-
perbound is
DoF ≤ min
{
L∑
l=1
K∑
k=1
M lk, 2
L∑
l=1
K∑
k=2
M lk, 2N
}
. (13)
Proof: The first two terms of the upperbound can be derived using a cut set bound as
follows. Note that by assumption we have M l1 ≥ M l2 ≥ · · · ≥ M lK . For the messages in cluster
l, we give the users in cluster l all the messages from all the other clusters. We also provide the
relay all the messages from all the clusters except cluster l, and provide all the other clusters
all the messages from all clusters. This operation does not reduce the rate of the messages in
cluster l. Now the channel is effectively a MIMO multi-way relay channel with a single cluster.
For the messages intended for user i, we can combine all the other users except for user i, which
yields a two-way relay channel with user i as a node, and all the other users as a node. We can
8then bound the DoF for the messages in cluster l in the following fashion:
K∑
k=2
dl1k ≤ min{M
l
1, N,
K∑
k=2
M lk} (14)
K∑
k=1
k 6=i,i 6=1
dlik ≤ min{M
l
i , N}. (15)
This yields the desired DoF upperbound for the first two terms in (13).
To prove DoF ≤ 2N , we consider user 1 in each cluster. For user 1 in cluster l, we provide user
1 with all the received signals Ynk,l from user k = 2, 3, · · · , K in cluster l as genie information
1
. By assumption, user k in cluster l can decode messages
{
W lki
}
for i = {1, · · · , K}/{k} given
the received signal Ynk,l and the side information W lk. We now use the following steps to derive
the DoF upper bound.
• Step 1:
– User 1 in cluster l has side information W lj1, j = {2, · · · , K}, which are messages that
originate from it.
– User 1 in cluster l can decode messages
{
W l1i
}
for i = {2, · · · , K}.
• Step 2:
– Let a genie provide user 1 in cluster l with messages {Wi2}, i = {3, · · · , K}.
– User 1 now has the messages {Wi2}, i = {1, 3, · · · , K}, which is exactly all the side
information available at user 2 in cluster l.
– With the genie information Yn2,l, user 1 in cluster l can decode all the messages intended
for user 2 in cluster l, i.e., the messages
{
W l2i
}
for i = {3, · · · , K}.
• Step 3:
– Let a genie provide user 1 in cluster l with messages {Wi3}, i = {4, · · · , K}.
– User 1 now has the messages {Wi3}, i = {1, 2, 4, · · · , K}, which is exactly all the side
information available at user 3 in cluster l.
1Alternatively, we can use a channel enhancement argument to prove the DoF upperbound, as shown in [22].
91 2 3 4 5 6 7 8 9j i
1
2
3
4
5
6
7
8
9
wij
Side Information
Genie Messages
Decodable Messages
Fig. 2. Illustration for side information, genie information and decodable messages for the DoF upperbound at user 1.
– With the genie information Yn3,l, user 1 in cluster l can decode the messages
{
W l3i
}
for i = {4, · · · , K}.
• Proceed in the same fashion for the next steps, i.e., for Step k:
– Let a genie provide user 1 in cluster l with messages {Wik}, i = {k + 1, · · · , K}.
– User 1 now has the messages {Wik}, i = {1, · · · , K}/{k}, which is exactly all the
side information available at user k in cluster l.
– With the genie information Ynk,l, user 1 in cluster l can decode the messages
{
W lki
}
for i = {k + 1, · · · , K}.
• Step K − 1:
– Let a genie provide user 1 in cluster l with message W lK,K−1.
– User 1 now has the messages {Wi,K−1}, i = {1, · · · , K − 2, K}, which is exactly all
the side information available at user K − 1 in cluster l.
– User 1 in cluster l can decode the message WK−1,K .
Based on the above arguments, user 1 in cluster l can decode the messages
{
W lki
}
for k =
1, · · · , K − 1, i = k+ 1, · · · , K. This upperbounding process is illustrated in Fig. 2 for K = 9.
We can see that half of the messages in cluster l can be decoded at user 1 in cluster l based
on the received signals Ynk,l, k = 1, · · · , K, and the other half of the messages in the cluster
10
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Fig. 3. Illustration for side information, genie information and decodable messages for the DoF upperbound at user K.
as side information, which include the messages W l1 and the genie information
{
W lik
}
for
k = 2, · · · , K − 1, i = k + 1, · · · , K.
Define W ld as the set of messages
{
W lki
}
for k = 1, · · · , K−1, i = {k+1, · · · , K} for cluster
l, which are messages that can be decoded by user 1 in cluster l, and W l as all the messages
from cluster l and W lcd as the set of messages W l/W ld. Denote the set of received signals Yk,l,
k = 1, · · · , K in cluster l by Yl. We can then bound the rate of the decodable messages as
follows:
n
L∑
l=1
K−1∑
k=1
K∑
i=k+1
Rlki (16)
= H(W1d , · · · ,W
L
d |W
1c
d , · · · ,W
Lc
d ) (17)
= I(W1d , · · · ,W
L
d ;Y
n
1 , · · · ,Y
n
L|W
1c
d , · · · ,W
Lc
d ) + nǫn (18)
≤ H(Yn1 , · · · ,Y
n
L)−H(Y
n
1 , · · · ,Y
n
L|W
1, · · · ,WL, XnR) + nǫn (19)
= H(Yn1 , · · · ,Y
n
L)−H(Y
n
1 , · · · ,Y
n
L|X
n
R) + nǫn (20)
= I(XnR;Y
n
1 , · · · ,Y
n
L) (21)
11
where equation (20) follows since the received signal at the users only depends on the transmitted
signal from the relay.
From equation (21), we can see that
lim
SNR→∞
∑L
l=1
∑K−1
k=1
∑K
i=k+1R
l
ki
log SNR
≤ N. (22)
We now have an upper bound for half of the messages from all users. We can bound the
DoF for the rest of the messages by enhancing the received signal of user K and provide genie
information to user K in a similar fashion, as illustrated in Fig. 3, which yields
lim
SNR→∞
∑L
l=1
∑K
k=2
∑k−1
i=1 R
l
ki
log SNR
≤ N. (23)
Given (22) and (23), we have
DoF ≤ 2N. (24)
A. Optimality of Achievable DoF for Special Cases in Previous Work
We can now evaluate the optimality of the achievable DoF for some special cases of the MIMO
multi-way relay channel provided in previous work using the newly derived DoF upperbound.
• MIMO K-user Y channel [18]: This is the MIMO multi-way relay channel with one cluster
that contains K users. User i has Mi antennas and the relay has N antennas. It was shown
in [18] that each user can send K−1 independent data streams with DoF d for each stream
if
Mi ≥ d(K − 1), N ≥
dK(K − 1)
2
N < min{Mi +Mj − d|∀i 6= j}. (25)
For this case, our DoF upperbound specializes to
DoF ≤ min{
K∑
i=1
Mi, 2N}. (26)
12
If we have Mi ≥ d(K − 1) and fix N = dK(K−1)2 , the DoF upper bound becomes
DoF ≤ dK(K − 1). (27)
If we further have Mi > K
2−K+2
4
, the condition N < min{Mi +Mj − d|∀i 6= j} is also
satisfied, and the DoF upper bound implies that the achievable DoF in [18], dK(K − 1),
is indeed the optimal DoF.
• MIMO K-pair two-way relay channel [19]: This corresponds to the MIMO multi-way
relay channel with K clusters each with two users. Each user has M antennas and wants to
transmit d data streams with DoF 1. The relay has Kd antennas. To guarantee interference-
free transmission, we need
K ≤
2M
d
− 1, (28)
and the achievable DoF is 2Kd.
For this case, the DoF upper bound becomes
DoF ≤ min{2KM, 2Kd}. (29)
When K ≤ 2M
d
− 1, we have 2Kd ≤ 2KM for K ≥ 2. The achievable DoF 2Kd given in
reference [19] is indeed the optimal DoF.
We now have seen that the newly derived upper bound is useful for proving tight results for
some special cases of the MIMO multi-way relay channel. In the next sections, we utilize the
upper bound to investigate the DoF of the more general MIMO multi-way relay channel, and
provide our DoF findings.
IV. TWO-CLUSTER MIMO MULTI-WAY RELAY CHANNEL
With the newly derived DoF upper bound at hand, we now investigate the achievable DoF
for the general MIMO multi-way relay channel. We first focus on the two-cluster MIMO multi-
way relay channel. For the two-cluster case, the only known result is the constant gap capacity
result for the SISO case [11] and the DoF for the two-user symmetric case [19], i.e., users have
13
the same number of antennas. Both results are obtained using signal space alignment, or using
techniques that are in essence similar to signal space alignment such as using nested lattice codes
[23]. When the users have arbitrary number of antennas, the optimal DoF has been unknown to
date.
We first present the following lemma which characterizes the dimension of shared signal space
at the relay between two users with arbitrary number of antennas.
Lemma 1: For matrices H1 ∈ Cp×q1 and H2 ∈ Cp×q2 , which have full rank almost surely, the
shared dimension of their column space can be specified as follows. Note that without loss of
generality we assume q1 ≥ q2.
Condition 1: If p ≥ q1 ≥ q2 and q1 + q2 > p, then there exist q1 + q2 − p non-zero
linearly independent vectors vi almost surely such that we can find another two sets of linearly
independent vectors ui and wi, i = 1, · · · , q1 + q2 − p such that
vi = H1ui = H2wi. (30)
Condition 2: If q1 ≥ p ≥ q2, then there exist q2 linearly independent vectors vi almost surely
such that we can find another two sets of linearly independent vectors ui and wi, i = 1, · · · , q2
such that
vi = H1ui = H2wi (31)
Proof: The proof is provided in Appendix A.
Remark 1: The result in Condition 1 is the same as the result in [17]. For this case, the
dimension of the shared signal space decreases as the number of antennas at the relay increases.
For this reason, as we will see in the achievable DoF for the MIMO multi-way relay channel,
using only a subset of the antennas at the relay is sufficient.
Remark 2: Condition 2 implies that, when there is asymmetry between the number of antennas
at the users, the dimension of shared signal space between two users cannot exceed the dimension
of the user with the smallest number of antennas.
14
A. Two Users in Each Cluster: Transmission Strategies
For the two-cluster multi-way relay channel with two users in each cluster, we can show that
the following DoF is achievable:
Proposition 1: (i) When N ≤ M12 +M22 , the following DoF is achievable:
• Case 1: N ≤M12 , DoF = 2N .
• Case 2: N > M12 ≥M22
– Condition 1: N ≤M11 and N ≤M21 , DoF = 2N .
– Condition 2: M11 < N ≤M21
1) M11 +M12 +M22 ≥ 2N , DoF = 2N .
2) M11 +M12 +M22 < 2N , DoF = M11 +M12 +M22 .
– Condition 3: M21 < N ≤M11
1) M12 +M21 +M22 ≥ 2N , DoF = 2N .
2) M12 +M21 +M22 < 2N , DoF = max{M12 +M21 +M22 , N +M12}.
– Condition 4: N > M11 , N > M21
1) M11 +M12 +M21 +M22 ≥ 3N , DoF = 2N .
2) M11 +M12 +M21 +M22 < 3N ,
DoF = max
{
(M21 +M
2
2 −N)
+ +N,M11 +M
1
2 ,min
{2(M11 +M12 +M21 +M22 )
3
,
4(M11 +M
1
2 +M
2
2 )− 2M
2
1
3
,
4(M12 +M
2
1 +M
2
2 )− 2M
1
1
3
}}
. (32)
(ii) When N > M12 +M22 , the following DoF is achievable:
• Case 1: N ≥ 2(M12 +M22 ), DoF = 2(M12 +M22 ).
• Case 2: N < 2(M12 +M22 ) ≤ 2(M12 +M12 ) ≤ 2(M11 +M12 )
– Condition 1: N ≤M11 and N ≤M21 , DoF = 2(M12 +M22 ).
– Condition 2: M11 < N ≤M21 , which implies M11 +M12 +M22 < 2N ,
1) N ≥ 2M12 +M22 , DoF = 2(M12 +M22 ).
2) M11 ≥M12 +M22 , DoF = 2(M12 +M22 ).
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3) N < 2M12 +M22 and M11 < M12 +M22 , DoF = max{N +M22 ,M11 +M12 +M22 }.
– Condition 3: M21 < N ≤M11 , which implies M12 +M21 +M22 < 2N ,
1) N ≥M12 + 2M22 , DoF = 2(M12 +M22 ).
2) M21 ≥M12 +M22 , DoF = 2(M12 +M22 ).
3) N < M12 + 2M22 and M21 < M12 +M22 , DoF = max{M12 +M21 +M22 , N +M12 }.
– Condition 4: N > M11 , N > M21 , which implies M11 +M12 +M21 +M22 < 3N ,
1) M11 ≥M12 +M22 and M21 ≥M12 +M22 , DoF = 2(M12 +M22 ).
2) M21 ≥ 2M12 +M22 , DoF = 2(M12 +M22 ).
3) M11 ≥M12 + 2M22 , DoF = 2(M12 +M22 ).
4) Otherwise,
DoF = max
{
N, (M11 +M
1
2 −N)
+ +N, (M21 +M
2
2 −N)
+ +N,
min
{2(M11 +M12 +M21 +M22 )
3
,
4(M11 +M
1
2 +M
2
2 )− 2M
2
1
3
,
4(M12 +M
2
1 +M
2
2 )− 2M
1
1
3
}}
. (33)
Proof: We next provide detailed transmission schemes to show how the above DoF can be
achieved and identify scenarios when the DoF upper bound can be achieved.
(i) When N ≤M12 +M22 :
Under this condition, the DoF upper bound in equation (13) reduces to
DoF ≤ 2N. (34)
We further consider the following cases:
Case 1: N ≤ M12 : This condition corresponds to the case when the relay always has less
antennas than both users in at least one of the two clusters. The DoF 2N can be achieved by
only allowing the users in the cluster with more antennas than the relay to exchange information,
which yields a two-way relay channel. Since both users have more antennas than the relay, they
can perfectly align N independent data streams at the relay. The functional-decode-and-forward
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(FDF) strategy can thus achieve the DoF upper bound 2N .
Case 2: N > M12 ≥ M22 : This condition corresponds to the case when the relay has more
antennas than at least one users in each cluster. A single pair of users thus cannot perfectly align
N independent data streams at the relay. However, it is still possible to achieve the optimal DoF
by allowing two clusters of users to use the relay at the same time. Depending on the number
of antennas at the relay and the users, we further consider the following conditions:
Condition 1: N ≤ M11 and N ≤ M21 . For this case, one of the users in each cluster has
more antennas than the relay. From Condition 2 in Lemma 1, if we set H1 = HR(1,1) and
H2 = HR(2,1), we can see that for user 1 and user 2 in cluster 1, they can find M12 non-zero
linearly independent vectors q1i,v(1,1)i and v(2,1)i, i = 1, · · · ,M12 for cluster 1 such that
HR(1,1)v(1,1)i = HR(2,1)v(2,1)i = q1i. (35)
This means that user 1 and user 2 can share M12 dimensional space at the relay. Following the
same argument, we can see that user 1 and user 2 in cluster 2 share M22 dimensional space at
the relay, i.e., they can find M22 non-zero linearly independent vectors q2i,v(1,2)i and v(2,2)i such
that
HR(1,2)v(1,2)i = HR(2,2)v(2,2)i = q2i. (36)
Since we have M12 + M22 ≥ N , the users in cluster 1 can choose M1′2 vectors out of the
vectors q1i, and the users in cluster 2 can choose M2′2 vectors out of the vectors q2i, such that
these vectors are linearly independent almost surely and M1′2 +M2′2 = N , as their target signal
directions at the relay. We denote the set of vectors chosen by cluster 1 as Q1 and the set of
vectors chosen by cluster 2 as Q2.
Based on the above analysis, we can construct the transmission scheme as follows: User 1
and user 2 in cluster 1 send M1′2 independent data streams d11i and d12i along the directions v(1,1)i
and v(2,1)i, respectively. User 1 and user 2 in cluster 2 send M2′2 independent data streams d21i
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and d22i along the directions v(1,2)i and v(2,2)i, respectively. We have
Xk,1 =
∑
i∈Q1
v(k,1)id
1
ki, k = 1, 2, (37)
Xk,2 =
∑
i∈Q2
v(k,2)id
2
ki, k = 1, 2. (38)
The received signal at the relay is
YR =
2∑
k=1
HR(k,1)Xk,1 +
2∑
k=1
HR(k,2)Xk,2 (39)
=
∑
i∈Q1
q1i(d
1
1i + d
1
2i) +
∑
i∈Q2
q2i(d
2
1i + d
2
2i) (40)
The relay can then decode d11i + d12i and d21i + d22i using zero forcing.
The relay now needs to transmit d11i + d12i to user 1 and user 2 in cluster 1 and also transmit
d21i + d
2
2i to user 1 and user 2 in cluster 2. For this end, we let the users apply a receiver-side
filter u(k,l)i such that
(u(1,1)i)
TH(1,1)R = (u(2,1)i)
TH(2,1)R = g
T
1i, (41)
(u(1,2)i)
TH(1,2)R = (u(2,2)i)
TH(2,2)R = g
T
2i, (42)
which makes the users in one cluster appear to be the same user to the relay.
Taking transpose of equations (41) and (42), we can see that the problem of finding the vectors
u(k,l)i are the same problem as finding the vectors v(k,l)i. Therefore the users in cluster l can
find M l2 such triplets of non-zero linearly independent vectors
(u(1,l)i,u(2,l)i, gli). (43)
The users in cluster 1 can then choose M1′2 vectors g1i and the users in cluster 2 can choose
M2′2 vectors g2i, such that they are all linearly independent, as their target directions to receive
signals transmitted from the relay. Using these chosen vectors, user k in cluster l can form a
beamforming matrix Uk,l, which has the chosen u(k,l)i vectors as its rows, and apply it to the
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received signals:
Y′k,l = Uk,lYk,l (44)
= Uk,lH(k,l)RXR +Uk,lZk,l (45)
= GlXR +Uk,lZk,l (46)
where the matrix Gl is of dimension M l′2 ×N and has the chosen vectors gli as its rows. The
relay can use zero-forcing precoding to communicate d11i+d12i and d21i+d22i to the intended users.
The users can now subtract their own side information from the received signals to decode the
intended messages. Therefore the DoF 2N is achievable.
Condition 2: M11 < N ≤ M21 . For this case, cluster 2 has a user with more antennas than
the relay while both users in cluster 1 have less antennas than the relay. From Condition 1 in
Lemma 1, the users in cluster 1 can share M11 +M12 −N dimensional signal space at the relay,
and from Condition 2 in Lemma 1, the users in cluster 2 can share M22 dimensional signal space
at the relay. Note that since N ≤M12 +M22 and we assume M12 ≥ M22 , we have N ≤M11 +M12 ,
i.e., M11 +M12 − N is always greater than zero. This leads to the following two cases that we
need to investigate:
1) M11 +M
1
2 +M
2
2 ≥ 2N . For this case, the total dimension of the shared signal space for
the two clusters exceeds the available dimension available at the relay. The transmission scheme
for the case N ≤M11 and N ≤M21 can be used to achieve the DoF 2N . Note that for this case,
user 1 in cluster 2 has more antennas than the relay, and therefore it can send signals targeted at
any signal dimension at the relay. User 2 in cluster 2 can transmit its data streams using some
random beamforming vectors, and user 1 in cluster 2 can control the direction of its transmitted
data streams such that they arrive aligned with the data streams sent by user 2 in cluster 2. Users
in cluster 1, on the other hand, need to design their beamforming vectors jointly such that their
data streams are aligned at the relay. The received data streams from cluster 1 and cluster 2 are
linearly independent at the relay almost surely since the channel matrices are generated from
a continuous distribution. The relay then decodes the sum of the messages from each clusters,
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and broadcasts the messages back to the intended clusters with proper receiver-side filtering at
the users. The detailed scheme is similar to the previous case and is thus omitted.
2) M11 +M
1
2 +M
2
2 < 2N . Under this condition, the signal space available at the relay cannot
be fully utilized by the two clusters, because the total dimension of shared signal space for the
two clusters is M11 +M12 −N +M22 , which is smaller than N . Therefore the DoF upper bound
2N cannot be achieved using signal space alignment.
For this case, if M
1
1
+M1
2
+M2
2
2
is an integer, we can let the relay to use N ′ = M
1
1
+M1
2
+M2
2
2
antennas to assist the users. It is easy to see that N ′ ≥ M12 , M21 ≥ N ′ ≥ M22 , and N ′ ≥ M11
since M11 < N ≤M12 +M22 . By using only a subset of the antennas at the relay, users in cluster
1 can still share M11 + M12 − N dimensional space and users in cluster 2 can still share M22
dimensional space. Since we also have M11 +M12 −N +M22 = N ′, using the schemes described
in the previous part, we can achieve the DoF M11 +M12 +M22 .
If M
1
1
+M1
2
+M2
2
2
is not an integer, we can use a two-symbol extension to create an effectively
two-cluster MIMO multi-way relay channel with 2M11 , 2M12 , 2M21 , 2M22 , 2N antennas at the users
and the relay, respectively, and using the same argument as in the case when M
1
1
+M1
2
+M2
2
2
is an
integer, we can achieve the DoF M11 +M12 +M22 per channel use.
Remark 3: Note that under this condition M11 +M12 +M22 < 2N , an alternative scheme is
to let the relay use N antennas to assist the users. The users in cluster 2 can still share the M22
dimensional signal space at the relay. The users in cluster 1 can use the shared M11 +M12 −N
dimensional space for signal space alignment, which yields an achievable DoF 2(M11 +M12 +
M22 ) − 2N or use the rest N −M22 ≤ M12 dimensional space in the multiple-access fashion,
which yields an achievable DoF N+M22 . It is easy to see that M11 +M12 +M22 , which is achieved
by using a subset of antennas at the relay, is the largest achievable DoF. This is because using
more antennas at the relay decreases the number of dimension that can be shared by users using
signal space alignment. The additional signal space, on the other hand, can only be used by a
single user if signal space alignment is not used. Adding one antenna at the relay sacrifices two
signal bits but only obtains one signal bit in return.
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Condition 3: M21 < N ≤ M11 . Based on Lemma 1, the users in cluster 1 share a M12
dimensional signal space at the relay and the users in cluster 2 share a M21 +M22−N dimensional
signal space at the relay. Different from the case when M11 < N ≤ M21 , for users in cluster 2,
we cannot guarantee that M21 +M22 −N is always positive. We further investigate the following
cases:
1) M12 +M
2
1 +M
2
2 ≥ 2N . For this case, the total dimension of the shared signal space of
the two clusters exceeds the available dimension of the signal space at the relay. The DoF 2N
can thus be achieved using signal space alignment, as described in the scheme for Case 2 -
Condition 2.(1), N ≤M12 +M22 .
2) M12 +M
2
1 +M
2
2 < 2N . This condition implies that
M21 +M
2
2 −N <
M21 +M
2
2 −M
1
2
2
. (47)
When M21 +M22 ≤ M12 , we have M21 +M22 − N < 0, i.e., users in cluster 2 cannot share
any signal space at the relay. Therefore we let users in cluster 1 use the shared M12 dimensional
signal space to perform signal space alignment, and let the users in cluster 2 use the rest N−M12
dimensional signal space at the relay in the multiple-access fashion. After decoding the sum of
the messages from cluster 1 and the individual messages from cluster 2, the relay can then use
zero-forcing precoding to broadcast the messages to the intended users with proper receiver-side
filtering at users in cluster 1. Using this scheme, users in cluster 1 can exchange 2M12 messages
and the users in cluster 2 can exchange N −M12 messages. We can achieve DoF N +M12 .
When M21 +M22 > M12 , M21 +M22 − N can be positive. For this case, we can let the relay
use N ′ =
M1
2
+M2
1
+M2
2
2
antennas to assist the users. Since we have M12 + M22 ≥ N > M21 ,
N ′ ≥ M21 ≥ M
2
2 . We also have M11 > N ′ > M12 . Following the results in Case 2 - Condition
2.(2), N ≤M12 +M22 , we can achieve the DoF M12 +M21 +M22 .
We can also let the relay use all the antennas to assist the users. If we allow the users in both
clusters to use signal space alignment, the achievable DoF is 2(M12 +M21 +M22 ) − 2N . It is
easy to see that this achievable DoF is always smaller than M12 +M21 +M22 under the condition
M12 +M
2
1 +M
2
2 < 2N . We can also let the users in cluster 1 use signal space alignment, but the
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users in cluster 2 use the relay in the multiple-access fashion. This yields the achievable DoF
N +M12 .
Condition 4: N > M11 and N > M21 . Based on Lemma 1, users in cluster 1 share a M11 +
M12 − N dimensional signal space, and users in cluster 2 share a M21 +M22 − N dimensional
signal space at the relay. Note that we always have M11 +M12 −N > 0 for N ≤ M12 +M22 . We
further investigate the following cases:
1) M11 +M
1
2 + M
2
1 +M
2
2 ≥ 3N . For this case, the total dimension of shared signal space
for the two clusters exceeds the available signal space at the relay. Both clusters can use signal
space alignment to achieve the DoF upper bound 2N . The scheme can be designed in the same
fashion as in previous cases and the details are thus omitted.
2) M11 +M
1
2 +M
2
1 +M
2
2 < 3N . This condition implies that
M21 +M
2
2 −N <
2(M21 +M
2
2 )− (M
1
1 +M
1
2 )
3
. (48)
When 2(M21 +M22 ) ≤ M11 +M12 , M21 +M22−N is always less than zero, i.e., there is no shared
signal space at the relay for the users in cluster 2. For this case, we let the relay use all the
antennas to assist the users. Users in cluster 1 can always share the M11 +M12 −N dimensional
signal space at the relay. The users in cluster 2 use the relay in the multiple-access fashion. This
yields the achievable DoF
2(M11 +M
1
2 −N) +N − (M
1
1 +M
1
2 −N) = M
1
1 +M
1
2 . (49)
When 2(M21 +M22 ) > M11 +M12 , M21 +M22 − N can be positive. For this case, we let the
relay use only N ′ = M
1
1
+M1
2
+M2
1
+M2
2
3
antennas to assist the users, if M
1
1
+M1
2
+M2
1
+M2
2
3
is an integer.
The case when M
1
1
+M1
2
+M2
1
+M2
2
3
is not an integer can be addressed using symbol extension. It is
easy to see that N ′ > M12 and N ′ > M22 . However, the relation between
M1
1
+M1
2
+M2
1
+M2
2
3
and M11
depends on the relation between M12 +M21 +M22 and 2M11 ; the relation between
M1
1
+M1
2
+M2
1
+M2
2
3
and M21 depends on the relation between M11 +M12 +M22 and 2M21 :
• M12 +M
2
1 +M
2
2 ≥ 2M
1
1 and M11 +M12 +M22 ≥ 2M21 : For this case, users in cluster 1 share
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2(M1
1
+M1
2
)−(M2
1
+M2
2
)
3
dimensional signal space and users in cluster 2 share 2(M
2
1
+M2
2
)−(M1
1
+M1
2
)
3
dimensional signal space. The achievable DoF is 2(M
1
1
+M1
2
+M2
1
+M2
2
)
3
.
• M12 +M
2
1 +M
2
2 ≥ 2M
1
1 and M11 +M12 +M22 < 2M21 : For this case, users in cluster 1 share
2(M1
1
+M1
2
)−(M2
1
+M2
2
)
3
dimensional signal space and users in cluster 2 share M22 dimensional
signal space. The achievable DoF is 4(M
1
1
+M1
2
+M2
2
)−2M2
1
3
.
• M12 +M
2
1 +M
2
2 < 2M
1
1 and M11 +M12 +M22 ≥ 2M21 : For this case, users in cluster 1 share
M12 dimensional signal space and users in cluster 2 share
2(M2
1
+M2
2
)−(M1
1
+M1
2
)
3
dimensional
signal space. The achievable DoF is 4(M
1
2
+M2
1
+M2
2
)−2M1
1
3
.
• M12 +M
2
1 +M
2
2 < 2M
1
1 and M11 +M12 +M22 < 2M21 : This case is not possible since the
first condition implies M11 > M21 and the second condition implies M11 < M21 .
From the above cases, we can see that the achievable DoF is
min
{
2(M11 +M
1
2 +M
2
1 +M
2
2 )
3
,
4(M11 +M
1
2 +M
2
2 )− 2M
2
1
3
,
4(M12 +M
2
1 +M
2
2 )− 2M
1
1
3
}
(50)
Note that we can also let relay use all the antennas to assist the users. We only allow cluster
1 to use signal space alignment, and let users in cluster 2 use the relay in the multiple-access
fashion. This yields the achievable DoF M11 +M12 . In addition, we can also let cluster 1 use the
relay in the multiple-access fashion, and cluster 2 use signal space alignment. This yields the
achievable DoF (M21 +M22 −N)+ +N . Combining both achievable DoF, we have the desired
result in equation (32).
Remark 4: Note that we can also use multiple-access transmission for both clusters. However,
the achievable DoF N is always less than M11 +M12 .
Remark 5: If we let the relay use all the antennas and use signal space alignment, the
achievable DoF 2(M11 + M12 − N) + 2(M21 + M22 − N)+ is also smaller than the achievable
DoF in (32). Similar to Remark 3, this is because when using signal space alignment, increase
the number of antennas at the relay will decrease the dimension of shared signal space for the
users. Using too many antennas at the relay will reduce the dimension of shared signal space
and result in some unused signal space, when only signal space alignment is used. It is always
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more desirable to use the exact number of antennas at the relay such that all spatial dimension
is occupied for signal space alignment.
(ii) When N > M12 +M22 :
Under this setting, the DoF upper bound in equation (13) reduces to
DoF ≤ 2(M12 +M
2
2 ). (51)
Case 1: N ≥ 2(M12 +M22 )
The DoF upper bound can be easily achieved for this case since the relay has enough antennas
to perform zero-forcing decoding and precoding. Since we have M11 ≥M12 , M21 ≥M22 , we can
let user 1 use only M12 of its antennas and let user 3 use only M22 of its antennas to transmit.
The relay can decode all the messages and broadcast the messages to the intended users since
it has sufficient spatial dimension.
Case 2: N < 2(M12 +M22 )
For this case, we also have that N ≤ 2(M12 +M12 ) ≤ 2(M11 +M12 ). Depending on the number
of antennas at the users and the relay, we need to further consider the following conditions:
Condition 1: N ≤ M11 and N ≤ M21 . From Condition 2 in Lemma 1, the users in cluster 1
share M12 dimensional signal space and the users in cluster 2 share M22 dimensional space at
the relay. Since we also have N > M12 +M22 , the users in each cluster can fully utilize their
shared signal space at the relay to exchange messages. Specifically, users in cluster 1 and cluster
2 can transmit M12 and M22 data streams such that they are aligned at the relay, respectively. The
relay decodes the sum of the messages and broadcast back to the intended clusters with proper
receiver-side processing at the users. The DoF upper bound 2(M12 +M22 ) can be achieved. The
detailed scheme is similar to the previous cases and thus is omitted.
Condition 2: M11 < N ≤ M21 . From Lemma 1, users in cluster 1 share (M11 +M12 − N)+
dimensional signal space, while the users in cluster 2 share M22 dimensional signal space. Under
this condition, we have M11 + M12 − N < M12 . Therefore using all the antennas at the relay
and signal space alignment at two clusters cannot achieve the optimal DoF. In addition, since
we have N > M12 + M22 , M11 < N implies that M11 + M12 + M22 < 2N , and thus the total
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dimension of shared signal space for the two clusters is less than N . Note that we do not have
M11 +M
1
2 −N ≥ 0 for N > M12 +M22 , which is different from the case when N ≤M12 +M22 .
1) We first consider a scheme that allows the users in cluster 1 use the relay in the multiple-
access fashion, and we also let the users in cluster 2 to use the shared M22 dimensional space
to perform signal space alignment. The dimension of signal space available for cluster 1 is
N −M22 . As long as N −M22 ≥ 2M12 , the users in cluster 1 can still exchange a total of 2M12
messages using multiple-access type of schemes. The users in cluster 2 can always exchange
2M22 messages using signal space alignment. Therefore, when N ≥ 2M12 + M22 , we can still
achieve the DoF upper bound 2(M12 +M22 ).
2) We next only allow the relay to use a subset of the antennas to assist the users. Specifically,
if we have M11 ≥M12 +M22 , we can let the relay use exactly M12 +M22 antennas. From the result
in Case 2 - Condition 1, N ≤M12 +M22 , we can achieve DoF 2(M12 +M22 ), which matches the
upper bound.
3) When the conditions in the above cases are not satisfied, the scheme used achieves the
DoF
DoF = max{N +M22 ,M
1
1 +M
1
2 +M
2
2} (52)
Remark 6: The achievable schemes for the optimal DoF under this condition imply that using
signal space alignment to let the users share the signal space of the relay is not always the optimal
approach. Depending on the number of antennas at the users and the relay, multiple-access
transmission or a combination of both can be more beneficial.
Condition 3: M21 < N ≤ M11 . The result for this case can be obtained following similar
arguments from Case 2 - Condition 2, N > M12 +M22 and the details are omitted.
Condition 4: N > M11 and N > M21 . Under this condition, we consider the following cases:
1) M11 ≥M
1
2 +M
2
2 and M21 ≥M12 +M22 : For this case, we have N > M12 +M22 . We can let
the relay use only M12 +M22 antennas to assist the users. This case is then reduced to Case 2 -
Condition 2.(2), N ≤M12 +M22 or Case 2 - Condition 3.(2), N ≤M12 +M22 . The optimal DoF
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2(M12 +M
2
2 ) can thus be achieved.
2) M21 ≥ 2M
1
2 +M
2
2 : For this case, we have N > 2M12 +M22 . We can let the relay use only
2M12 +M
2
2 antennas to assist the users. Based on Lemma 1, the users in cluster 2 share M22
dimensional signal space at the relay. We let the users in cluster 2 to use signal space alignment
to exchange 2M22 messages using M22 dimensional space, while the users in cluster 1 use the rest
2M12 dimensional space at the relay in the multiple-access fashion to exchange 2M12 messages.
The achieved DoF is thus 2(M12 +M22 ), which matches the upper bound.
3) M11 ≥M
1
2 +2M
2
2 : For this case, the optimal DoF 2(M12 +M22 ) can be achieved following
the same argument as in the previous case when M21 ≥ 2M12 +M22 .
4) For the other cases, we can always achieve the DoF N by letting all the users transmit the
data streams to the relay in the multiple-access fashion, and relay decodes all data streams and
broadcasts back to the users. We can also let one cluster of users use signal space alignment, and
the other cluster of users use multiple-access transmission. For example, we can let cluster 1 use
(M11 +M
1
2 − N)
+ dimensional space to perform signal space alignment, and cluster 2 use the
rest N− (M11 +M
1
2 −N)
+ dimensional space to perform multiple-access transmission. The DoF
(M11 +M
1
2 −N)
+ +N can thus be achieved. The DoF (M11 +M12 −N)+ +N can be achieved
in a similar fashion. The last term in equation (33) can be achieved by using M11+M12+M21+M22
3
antennas at the relay, and the analysis is similar to Case 2 - Condition 4.(2), N ≤ M12 +M22
and the details are omitted.
B. Two Users in Each Cluster: Optimal DoF
We now have presented a set of achievable DoF for the general two-cluster MIMO multi-way
relay channel with two users in each cluster. With the achievable DoF in Proposition 1 and the
DoF upper bound in Theorem 1, we can establish the optimal DoF.
Theorem 2: Consider the two-cluster MIMO multi-way relay channel with two users in each
cluster as described in Section II. The optimal DoF is described as follows:
(1) DoF ∗ = 2N
• When N ≤M12 , or
26
• When M12 +M22 ≥ N > M12 ≥M22 and one of the following conditions is satisfied:
– N ≤M11 and N ≤ M21 .
– M11 < N ≤M
2
1 and M11 +M12 +M22 ≥ 2N .
– M21 < N ≤M
1
1 and M12 +M21 +M22 ≥ 2N .
– N > M11 , N > M
2
1 and M11 +M12 +M21 +M22 ≥ 3N .
(2) DoF ∗ = 2(M12 +M22 )
• When N ≥ 2(M12 +M22 ), or
• When M12 +M22 < N < 2(M12 +M22 ) and one of the following conditions is satisfied:
– N ≤M11 , N ≤M
2
1 .
– M11 < N ≤M
2
1 and
∗ N ≥ 2M12 +M
2
2 or
∗ M11 ≥ M
1
2 +M
2
2 .
– M21 < N ≤M
1
1 and
∗ N ≥M12 + 2M
2
2 or
∗ M21 ≥ M
1
2 +M
2
2 .
– N > M11 , N > M
2
1 and
∗ M11 ≥ M
1
2 +M
2
2 , M
2
1 ≥M
1
2 +M
2
2 or
∗ M21 ≥ 2M
1
2 +M
2
2 or
∗ M11 ≥ M
1
2 + 2M
2
2 .
C. Two Users in Each Cluster: Symmetric Case
We now consider the two-cluster MIMO multi-way relay channel with two users in each
cluster with M11 = M21 = M1 and M12 = M22 = M2. The optimal DoF for this special case is
summarized as follows:
Corollary 1: For the two-cluster MIMO multi-way relay channel with two users in each cluster
with M11 = M21 = M1 and M12 = M22 = M2 (without loss of generality assume M1 ≥ M2), the
optimal DoF is:
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N = 16
Two-way RC 
MAC+BC 
SSA Condition 2: M1>N>M2 
N ≤ M2
DoF = 2N
DoF = 4M2
2M2 ≤ N ≤ 4M2
DoF = 4M2
M2 ≤ N ≤ 2M2
DoF = 2N
N ≥ 4M2
SSA Condition 1: N>M1>M2 
Optimal DoF Unknown 
DoF = 4M2
N > M1 ≥ 2M2
Fig. 4. Illustration for cases when DoF upper bound can be achieved.
When N ≤ 2M2,
• N ≤M2, DoF
∗ = 2N .
• M2 < N ≤M1, DoF
∗ = 2N .
• M2 ≤M1 < N ≤
2
3
(M1 +M2), DoF
∗ = 2N .
When N > 2M2,
• N ≥ 4M2, DoF
∗ = 4M2.
• N < 4M2, N ≤M1, DoF
∗ = 4M2.
• N > M1 ≥ 2M2, DoF
∗ = 4M2.
Proof: This corollary follows as a special case from Proposition 1, and the upperbound in
Theorem 1.
Fig. 4 illustrates the regimes for which we can establish the optimal DoF for the symmetric
case with N = 16. In the figure, Two-way RC denotes the region where the DoF can be achieved
by only allowing one cluster to exchange data with the relay, which reduces the channel to a two-
way relay channel. MAC+BC denotes the region that the users use multiple-access transmission
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and the relay decodes and broadcasts the messages to the intended users. SSA represents signal
space alignment, where different SSA conditions depend on the number of antennas at the users
and the relay. Note that the different SSA conditions correspond to those introduced in Lemma
1.
D. Three Users in Each Cluster: General Case
We now study the case when there are three users in each cluster for the general setting.
Without loss of generality, assume M11 ≥ M12 ≥ M13 and M21 ≥ M22 ≥ M23 . The idea of the
achievable DoF is similar to the two-user case, and we thus only focus on identifying the optimal
DoF and describing the corresponding achievable schemes.
Theorem 3: For the two-cluster MIMO multi-way relay channel with three users in each
cluster where the users and the relay can have arbitrary number of antennas, the optimal DoF
is:
(1) DoF ∗ = 2N
• When N ≤ max{M12 ,M22} or
• When N > max{M12 ,M22} and one of the following conditions is satisfied:
– M11 ≥ N , M
2
1 ≥ N .
– M11 ≥ N , M
2
1 < N ,
M12 +M
1
3 + (M
1
2 +M
1
3 −N)
+ + (M21 +M
2
2 −N)
+
+ (M21 +M
2
3 −N)
+ + (M22 +M
2
3 −N)
+ ≥ N. (53)
– M11 < N , M
2
1 ≥ N ,
(M11 +M
1
2 −N)
+ + (M11 +M
1
3 −N)
+ + (M12 +M
1
3 −N)
+
+M22 +M
2
3 + (M
2
2 +M
2
3 −N)
+ ≥ N. (54)
– M11 < N , M
2
1 < N ,
(M11 +M
1
2 −N)
+ + (M11 +M
1
3 −N)
+ + (M12 +M
1
3 −N)
+
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+ (M21 +M
2
2 −N)
+ + (M21 +M
2
3 −N)
+ + (M22 +M
2
3 −N)
+ ≥ N. (55)
(2) DoF ∗ = M11 +M12 +M13 +M21 +M22 +M23
• When N ≥M11 +M12 +M13 +M21 +M22 +M23 .
(3) DoF ∗ = 2(M12 +M13 +M22 +M23 )
• When N ≥ 2(M12 +M13 +M22 +M23 ) or
• When N < 2(M12 +M13 +M22 +M23 ) and one of the following conditions is satisfied:
– M11 ≥M
1
2 +M
1
3 +M
2
2 +M
2
3 , M
2
1 ≥M
1
2 +M
1
3 +M
2
2 +M
2
3 .
– N ≥ 2(M12 +M
1
3 ) +M
2
2 +M
2
3 , M
2
1 ≥ 2(M
1
2 +M
1
3 ) +M
2
2 +M
2
3 .
– N ≥M12 +M
1
3 + 2(M
2
2 +M
2
3 ), M
1
1 ≥M
1
2 +M
1
3 + 2(M
2
2 +M
2
3 ).
(4) DoF ∗ = M11 +M12 +M13 + 2(M22 +M23 )
• When N ≥M11 +M12 +M13 + 2(M22 +M23 ) or
• When M11 + M12 + M13 + M22 + M23 ≤ N < M11 + M12 + M13 + 2(M22 + M23 ), M21 ≥
M11 +M
1
2 +M
1
3 +M
2
2 +M
2
3 .
(5) DoF ∗ = 2(M12 +M13 ) +M21 +M22 +M23
• When N ≥ 2(M12 +M13 ) +M21 +M22 +M23 or
• When M12 + M13 + M21 + M22 + M23 ≤ N < 2(M12 + M13 ) + M21 + M22 + M23 , M11 ≥
M12 +M
1
3 +M
2
1 +M
2
2 +M
2
3 .
Proof: We first consider the DoF upperbound in Theorem 1. For the three user case, the
upper bound reduces to
DoF ≤
{
2N,M11 +M
1
2 +M
1
3 +M
2
1 +M
2
2 +M
2
3 , 2(M
1
2 +M
1
3 +M
2
2 +M
2
3 ), (56)
M11 +M
1
2 +M
1
3 + 2(M
2
2 +M
2
3 ), 2(M
1
2 +M
1
3 ) +M
2
1 +M
2
2 +M
2
3
}
. (57)
We now investigate the following cases to establish the optimal DoF:
1) When 2N is the binding term in the DoF upper bound: For this case, we have
M11 +M
1
2 +M
1
3 +M
2
1 +M
2
2 +M
2
3 ≥ 2N,M
1
2 +M
1
3 +M
2
2 +M
2
3 ≥ N. (58)
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If we have N ≤ max{M12 ,M22}, the DoF 2N can always be achieved by only letting the two
users with more antennas than the relay to transmit using FDF schemes, which in fact reduces
the channel to a two-way relay channel.
If we have N > max{M12 ,M22}, we have N > M12 ≥ M13 and N > M22 ≥ M23 . We consider
the following scenarios:
• M11 ≥ N and M21 ≥ N : From Lemma 1, the dimension of shared signal space between the
users is summarized in the table below:
Cluster 1 Cluster 2
User 1 and 2 M12 User 1 and 2 M22
User 1 and 3 M13 User 1 and 2 M23
User 2 and 3 (M12 +M13 −N)+ User 2 and 3 (M22 +M23 −N)+
Since we have M12 +M13 +M22 +M23 ≥ N , The DoF upper bound 2N can thus be achieved
by letting user 1 and user 2, and user 1 and user 3 in each cluster to exchange messages
using signal space alignment, such that all the dimension of the signal space of the relay
is shared by one pair of users. The detailed scheme is similar to the two-user case and is
thus omitted.
• M11 ≥ N and N > M21 : From Lemma 1, the dimension of shared signal space between the
users is summarized in the table below:
Cluster 1 Cluster 2
User 1 and 2 M12 User 1 and 2 (M21 +M22 −N)+
User 1 and 3 M13 User 1 and 2 (M21 +M23 −N)+
User 2 and 3 (M12 +M13 −N)+ User 2 and 3 (M22 +M23 −N)+
If we have
M12+M
1
3+(M
1
2+M
1
3−N)
++(M21+M
2
2−N)
++(M21+M
2
3−N)
++(M22+M
2
3−N)
+ ≥ N,
(59)
then all the dimension of the signal space at the relay can be shared by one pair of users.
Using signal space alignment, user 1 and user 2 in cluster 1, user 1 and user 3 in cluster
1, and the rest user pairs with M li +M lk −N > 0 can exchanges messages. The DoF upper
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bound 2N can thus be achieved.
• N > M11 and M21 ≥ N : From Lemma 1, the dimension of shared signal space between the
users is summarized in the table below:
Cluster 1 Cluster 2
User 1 and 2 (M11 +M12 −N)+ User 1 and 2 M22
User 1 and 3 (M11 +M13 −N)+ User 1 and 2 M23
User 2 and 3 (M12 +M13 −N)+ User 2 and 3 (M22 +M23 −N)+
If we have
(M11+M
1
2−N)
++(M11+M
1
3−N)
++(M12+M
1
3−N)
++M22+M
2
3+(M
2
2+M
2
3−N)
+ ≥ N,
(60)
then the DoF upper bound 2N can be achieved following similar arguments as in the
previous case.
• N > M11 and N > M21 : From Lemma 1, the dimension of shared signal space between the
users is summarized in the table below:
Cluster 1 Cluster 2
User 1 and 2 (M11 +M12 −N)+ User 1 and 2 (M21 +M22 −N)+
User 1 and 3 (M11 +M13 −N)+ User 1 and 2 (M21 +M23 −N)+
User 2 and 3 (M12 +M13 −N)+ User 2 and 3 (M22 +M23 −N)+
If we have
(M11 +M
1
2 −N)
+ + (M11 +M
1
3 −N)
+ + (M12 +M
1
3 −N)
+
+ (M21 +M
2
2 −N)
+ + (M21 +M
2
3 −N)
+ + (M22 +M
2
3 −N)
+ ≥ N, (61)
then the DoF upper bound 2N can be achieved by letting user pairs with M li +M lj−N > 0
to exchange messages such that all dimension of the signal space of the relay is utilized by
a pair of users using signal space alignment.
2) When M11 +M12 +M13 +M21 +M22 +M23 is the binding term in the DoF upper bound: For
this case, we have M11 ≤ M12 +M13 and M21 ≤ M22 +M23 . The DoF upper bound M11 +M12 +
M13 +M
2
1 +M
2
2 +M
2
3 can be achieved if N ≥ M11 +M12 +M13 +M21 +M22 +M23 , i.e., users
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utilize the relay in the multiple-access fashion and relay can decode all the messages from the
users and broadcast the messages to the intended users.
When N < M11 +M12 +M13 + M21 + M22 +M23 , it is easy to verify that the dimension of
the shared signal space between all the users is always less than M
1
1
+M1
2
+M1
3
+M2
1
+M2
2
+M2
3
2
, and
whether the DoF upper bound can be achieved is unknown.
3) When 2(M12 +M13 + M22 +M23 ) is the binding term in the DoF upper bound: For this
case, we have M11 > M12 +M13 and M21 > M22 +M23 . We also have N > M12 +M13 +M22 +M23 ,
which means user 2 and user 3 in each cluster cannot share any dimension of the signal space
of the relay. The DoF upper bound can be achieved for the following cases:
• N ≥ 2(M12 +M
1
3 +M
2
2 +M
2
3 ): Under this condition, the DoF upper bound can be achieved
by letting all the users use the relay in the multiple-access fashion. The relay can decode
all the messages and then broadcast the messages back to the intended users.
• N < 2(M12 +M
1
3 +M
2
2 +M
2
3 ): Under this condition, the DoF upper bound can be achieve
for the following cases:
– M11 ≥M
1
2 +M
1
3 +M
2
2 +M
2
3 and M21 ≥M12 +M13 +M22 +M23 : The DoF upper bound
can be achieved by only allowing the relay to use M12 +M13 +M22 +M23 antennas to
assist the users. Based on Lemma 1, the dimension of the shared signal space between
the users is
Cluster 1 Cluster 2
User 1 and 2 M12 User 1 and 2 M22
User 1 and 3 M13 User 1 and 3 M23
User 2 and 3 0 User 2 and 3 0
The DoF upper bound can thus be achieved by letting user 1 and user 2, user 1 and
user 3 in each cluster to exchange messages using signal space alignment.
– N ≥ 2(M12 +M
1
3 ) +M
2
2 +M
2
3 and M21 ≥ 2(M12 +M13 ) +M22 +M23 : The DoF upper
bound can be achieved by only allowing the relay to use 2(M12 +M13 ) + M22 + M23
antennas to assist the users. Based on Lemma 1, user 1 and user 2 in cluster 2 share
M22 dimensional signal space, and user 1 and user 3 in cluster 2 share M23 dimensional
33
signal space. These pairs of users occupy M22 +M23 dimensional signal space at the
relay, and can be used to exchange 2(M22 + M23 ) messages. Users in cluster 1 can
utilize the rest 2(M12 +M13 ) dimensional signal space in the multiple-access fashion to
exchange 2(M12 +M13 ) messages. The DoF upper bound 2(M12 +M13 +M22 +M23 ) can
thus be achieved.
– N ≥M12 +M
1
3 + 2(M
2
2 +M
2
3 ) and M11 ≥M12 +M13 + 2(M22 +M23 ): The DoF upper
bound 2(M12 +M13 +M22 +M23 ) can be achieved by only allowing the relay to use
M12 +M
1
3 +2(M
2
2 +M
2
3 ) antennas, following similar arguments as in the previous case.
4) When M11 +M12 +M13 + 2(M22 +M23 ) is the binding term in the DoF upper bound: For
this case we have M11 < M12 +M13 and M21 > M22 +M23 . We also have
N >
M11 +M
1
2 +M
1
3
2
+M22 +M
2
3 . (62)
The DoF upper bound can be achieved for the following cases:
• N ≥ M11 +M
1
2 +M
1
3 + 2(M
2
2 +M
2
3 ): The DoF upper bound can be simply achieved by
letting the users exchange their messages using the relay in the multiple-access fashion. The
relay can decode all the messages and broadcast the messages back to the intended users
since it has sufficient spatial dimension.
• M11 +M
1
2 +M
1
3 +M
2
2 +M
2
3 ≤ N < M
1
1 +M
1
2 +M
1
3 +2(M
2
2 +M
2
3 ) and M21 ≥M11 +M12 +
M13 +M
2
2 +M
2
3 : The DoF upper bound can be achieved by only allowing the relay to use
M11 +M
1
2 +M
1
3 +M
2
2 +M
2
3 antennas to assist the users. Based on Lemma 1, user 1 and
user 2 in cluster 2 share M22 dimensional space, and user 1 and user 3 in cluster 2 share M23
dimensional space at the relay, which allows the users to exchange 2(M22 +M23 ) messages
using M22 +M23 dimensional space at the relay. The rest M11 +M12 +M13 dimensional signal
space at the relay can be used to assist users in cluster 1 to exchange M11 + M12 + M13
messages in the multiple-access fashion. Therefore the DoF M11 +M12 +M13 +2(M22 +M23 )
can be achieved.
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5) When 2(M12 +M13 ) +M21 +M22 +M23 is the binding term in the DoF upper bound: For
this case, the DoF upper bound can be achieved for the following scenarios:
• N ≥ 2(M12 +M
1
3 ) +M
2
1 +M
2
2 +M
2
3 .
• M12 +M
1
3 +M
2
1 +M
2
2 +M
2
3 ≤ N < 2(M
1
2 +M
1
3 ) +M
2
1 +M
2
2 +M
2
3 and M11 ≥ M12 +
M13 +M
2
1 +M
2
2 +M
2
3 .
This case is similar to case 4), and the details are thus omitted.
V. L-CLUSTER K-USER MIMO MULTI-WAY RELAY CHANNEL
Consider now the general L-cluster K-user MIMO multi-way relay channel in the symmetric
setting, i.e., all the users have the same number of antennas. We have the following optimal DoF
result.
Theorem 4: For the symmetric L-cluster K-user MIMO multi-way relay channel, where all
users have M antennas and the relay has N antennas, the optimal DoF is
DoF ∗ = KLM if N ≥ KLM, (63)
DoF ∗ = 2N if
LK(K − 1)
2
(2M −N) ≥ N. (64)
To establish the optimal DoF, we first study the DoF upperbound. For this case, the DoF
upperbound in equation (13) becomes
DoF ≤ min {KLM, 2N} . (65)
To investigate the achievability of the DoF upperbound, we further consider the following
cases:
A. Achieving DoF KLM: Multiple-access transmission
When 2N > KLM , the DoF upper bound becomes KLM . The DoF upper bound can be
achieved when N ≥ KLM . Under this condition, the relay can decode all the messages from all
the users and can broadcast the messages to the intended users without inducing any interference.
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B. Achieving DoF 2N: Signal Space Alignment
When 2N ≤ KLM , the DoF upper bound becomes 2N . To achieve this upperbound, we
require each signal dimension at the relay to be shared by a pair of users. From Lemma 1, any
pair of users in the same cluster can share 2M − N dimensional signal space at the relay, if
2M ≥ N . Therefore, we need
L
(
K
2
)
(2M −N) ≥ N, (66)
or equivalently
LK(K − 1)
2
(2M −N) ≥ N, (67)
such that all the signal dimension at the relay can be shared by a pair of users. We can choose
any pair of users to exchange data streams without exceeding their maximum allowed dimension
of shared signal space 2M − N . We let the users exchange N pairs of data streams, and the
relay can decode the sum of each pair of data stream and broadcast to the users with proper
receiver-side processing. The detailed transmission scheme is described as follows:
If n = 2N
LK(K−1)
is an integer, we let user i and user j, i, j = 1, 2, · · · , K in cluster l,
l = 1, 2, · · · , L exchange n data streams, each with unit DoF. Since we have 2M − N ≥ n,
based on Lemma 1, each pair of users can transmit the data streams along the vectors vl(ij),m
and vl(ji),m, m = 1, 2, · · · , n such that
HR(i,l)v
l
(ij),m = HR(j,l)v
l
(ji),m = q
l
(ij),m, (68)
where vl(ij),m denotes the mth beamforming vector for user i in cluster l to share the signal
space at the relay with user j in cluster l.
The transmitted signal from user i in cluster l is thus
Xi,l =
K∑
j=1
j 6=i
n∑
m=1
vl(ij),md
l
(ij),m, (69)
where dl(ij),m denotes the mth message from user i in cluster l for user j in cluster l.
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The received signal at the relay is
YR =
L∑
l=1
K∑
i=1
HR(i,l)Xi,l (70)
=
L∑
l=1
K∑
i=1
K∑
j=1
j 6=i
n∑
m=1
HR(i,l)v
l
(ij),md
l
(ij),m (71)
=
L∑
l=1
K∑
i=1
K∑
j=i+1
j 6=i
n∑
m=1
ql(ij),m(d
l
(ij),m + d
l
(ji),m). (72)
The relay can decode dl(ij),m + dl(ji),m and then need to broadcast the messages back to the
users. Following a similar scheme as in the two-cluster case, we let user i and user j employ a
receiver-side filter
(
ul(ij),m
)
and
(
ul(ji),m
)
to decode the message dl(ij),m + dl(ji),m, where
(
ul(ij),m
)T
H(i,l)R =
(
ul(ji),m
)T
HR(j,l) = g
l
(ij),m. (73)
Finding the receiver-side filter is a dual problem to finding the beamforming vector vl(ij),m,
which can be seen by taking transpose of equation (73). Based on Lemma 1, there exist 2M−N
such pair of vectors
(
ul(ij),m
)T
and
(
ul(ji),m
)T
. User i in cluster l can choose n out of these
vectors to form a filtering matrix Ul(ij) to receive the messages dl(ij),m+dl(ji),m, where the matrix
Ul(ij) is formed by taking
(
ul(ij),m
)T
as its rows. We can also combine the matrices Ul(ij) for all
j = 1, · · · , K, j 6= i to form the filtering matrix for user i to decode all the intended messages:
Uli =


Ul(i1)
.
.
.
Ul(i,i−1)
Ul(i,i+1)
.
.
.
Ul(iK)


. (74)
The relay can use zero-forcing to broadcast the messages dl(ij),m+dl(ji),m to the intended users.
The users can decode the intended messages using their side information. The DoF 2N is thus
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achievable.
When n = 2N
LK(K−1)
is not an integer, we can let one pair of users to exchange
N −
(
LK(K − 1)
2
− 1
)⌈
2N
LK(K − 1)
⌉
(75)
messages, and the other user pairs exchange
⌈
2N
LK(K − 1)
⌉
(76)
messages, and the DoF 2N is still achievable.
Remark 7: Theorem 4 provides us with the first DoF result for the L-cluster, K-user MIMO
multi-way relay channel for arbitrary L, K. We can see that the DoF is always limited by the
available spatial dimension at the relay, and that with fixed number of antennas at the relay,
increasing the number of users and the number of clusters cannot provide DoF gain. In addition,
we gain the insight that the DoF optimal way to utilize the resources of the relay is to share the
relay between two users. We cannot obtain DoF gain by letting three or more users to share the
resources of the relay.
Remark 8: The result for the asymmetric case of the general L-cluster K-user MIMO multi-
way relay channel can be obtained following similar arguments as in the two-cluster case. Other
than having to enumerate a number of cases and conditions, the results do not provide further
insights to what we already provide for the symmetric case. Hence the detailed expressions for
the asymmetric cases are omitted here.
VI. CONCLUSION
In this paper, we have investigated the DoF for the general MIMO multi-way relay channel
and established the optimal DoF for several scenarios of interests. We have derived a new DoF
upper bound using genie-aided approach, which is shown to be tight for several scenarios of
interests. Specifically, we have studied the DoF for the two-cluster two-user MIMO multi-way
relay channel and two-cluster three-user MIMO multi-way relay channel with arbitrary number
of antennas, and established the optimal DoF using signal space alignment, multiple-access
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transmission, or a combination of both, depending on the number of antennas at the users and
the relay. We have also studied the L-cluster K-user MIMO multi-way relay channel with equal
number of antennas at the users, and established the optimal DoF. The DoF results imply that the
DoF of the MIMO multi-way relay channel is always limited by the spatial dimension available
at the relay. With fixed number of antennas at the relay, increasing the number of users and
clusters cannot provide any DoF gain. The results also imply that allowing three or more users
to share the resources of the relay cannot provide any DoF gain.
This work has established the optimal DoF for a variety of scenarios for the multi-way relay
channel which was unknown previously. For the remaining cases, determining the strategies to
achieve the optimal DoF remains open.
APPENDIX A
PROOF OF LEMMA 1
Proof: We first consider the case when p ≥ q1 ≥ q2 and q1 + q2 > p. Note that equation
(21) is equivalent as 
 I H1 0
I 0 H2




vi
ui
wi

 = 0. (77)
The null space of the matrix 
 I H1 0
I 0 H2

 (78)
has dimension q1 + q2 − p. It is easy to see that if q1 + q2 > p, then we can find q1 + q2 − p
non-zero linearly independent vectors of the form
[
vi ui wi
]T
(79)
from the null space of the matrix shown in equation (78). It remains to see whether all these
vectors satisfy vi 6= 0. Since p ≥ q1 ≥ q2, we can see that the null space of matrices H1 and
H2 has dimension 0. Therefore for all the non-zero vectors satisfying equation (77), we must
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have vi 6= 0.
Similarly, when q1 ≥ p ≥ q2, we can find q1+ q2−p non-zero linearly independent vectors of
the form shown in equation (79) to satisfy equation (77). However, for this case, if we consider
the equation vi = H2wi, we can see that there are at most q2 non-zero linearly independent
vectors vi satisfying this equation. In fact, since q1 ≥ p, the null space of matrix H1 has
dimension q1−p. When we set wi and vi to 0, we can find q1−p non-zero linearly independent
vectors ui to satisfy equation (77). Therefore we can conclude that among all vectors of the
form in equation (79) satisfying equation (77), we can only find q2 non-zero linearly independent
vectors vi.
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